Abstract -Passive synthetic aperture processing intrinsically involves a trade-off between temporal and spatial gain. This is because the time available for the temporal processing of each element is reduced in proportion to the number of virtual sensors created. However, when the noise field is non-isotropic, the generation of a synthetic aperture can, in many circumstances, result in a large increase in total gain over that of the physical array from which the synthetic aperture was generated. Several examples are presented based on a simple non-isotropic noise field, that illustrate this phenomenon.
I. INTRODUCTION
Recent studies have demonstrated the feasibility of passive synthetic aperture processing for acoustic towed arrays [l-71. The main advantage of synthetic aperture processing is the creation of an acoustic aperture larger than that provided by the original physical aperture. This improvement in array gain is achieved at the cost of temporal gain however, since synthetic aperture algorithms use the physical hydrophones a muliiplicity of times in order to create virtual hydrophones, thus reducing the processing time available for the totality of hydrophones in the synthetic array. For example, if one has a maximum of T = MA2 seconds available to process a sinusoidal acoustic signal, where M is the number of independent samples and Ai is the (Nyquist) sample time, the available signal to noise ratio at a single hydrophone in the time domain is given by
Here, P, = IAI2/2 where A is the (possibly complex) amplitude of the signal, q = a 2 / M is the filtered noise and a2 is the variance (power) of the noise, which is assumed to be white. Since P J / a 2 is the input signal to noise ratio at the single hydrophone, it follows that the temporal gain, G,, is equal to M , the number of independent time W . M. Carey DARPA 3702 N. Fairfax Dr.
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samples. Following an argument put forth by Autrey and others [8] , if one uses a single hydrophone to construct a passive synthetic aperture of N hydrophones in white, spatially isotropic noise, since the processing time is constrained to T seconds, there are now only M / N time samples available for processing each of the synthetic hydrophones. Hence, the temporal gain at each (synthetic) hydrophone is Assuming uncorrelated noise between each of the synthetic hydrophones, the array gain available from the synthetic aperture array is AG = N , so that the total gain available is
That is, there is no new gain.
In Reference 8 it is concluded on the basis of this argument that passive synthetic aperture arrays serve no useful purpose. This argument is valid if one is working in an isotropic noise field and is concerned only with total gain and not directionality. In a more general sense however, this conclusion is not true, since what has been achieved by the synthetic aperture algorithm is the ability to convert temporal gain to array gain. Thus one can achieve directionality (array gain) at the expense of temporal gain, and what is more important, in the case of non-isotropic noise fields, the increased array gain from the passive synthetic aperture can provide an enormous improvement. As an example, consider the case of a towed array in a noise field that contains an interfering signal that is displaced from the target by an angle that is smaller than the half beamwidth of the physical array. In this case we will show that the formation of a synthetic aperture that is able to resolve the interference from the target is capable of providing a very large increase in the gain available to the system. This is a particularly interesting case, since it is a realistic situation and, at the same time, lends itself to a simple analysis. Intuitively, it is not difficult to see what is happening. First, the interference is a source of particularly troublesome noise, since it originates from a highly localized point in space and therefore its field is highly correlated. Second, since the synthetic aperture array can provide a situation in which the interference is in or very near to a zero in the beam pattern, the interference can be very eRectively notched out, providing a large increase in spatid gain at the expense of a much smaller loss in tempoiral gain. A third point t o be made here is that, since a non-isotropic noise field can be thought of as a combination of an isotropic component and one or more directional components, the directional components can be thought of as sources that are quite localized in space and therefore cause spatial correlations in the noise field. The example that we provide here is simply a special case of such a situation. Thus, any synthetic aperture scheme that can act against such localized sources is providing gain against components of the noise field that are Correlated. Clearly, this is a great advantage. 
A M A Y GAIN
The plane wave array factor for an N-element receiving array is given by [9] where a, is the (generally complex) weighting coefficient for the nih element, r, is the position vector of the nih 
where b(Q, 0,) is defined by equation (6) . Thus, for a plane wave signal arriving at some angle 8' with power P,, the output signal to noise ratio of the array is
The polar coordinate system we use here is depicted in Figure 1 .
In equation ( l o ) and tha.t which follows, the dependence on Bo is supressed for sinaplicity. 
where ( S N R ) ; , = P,/q and AG is the array g a i n for the case of a plane wave arriving at angle 80 on a line array in an isotropic noise field. Here, ( S N R ) ; , is meant to denote the S N R into the array. It is, in fact, the ouipui S N R of the temporal processor for each element of the physical array. For this case (plane wave in an isotropic noise field), 10loglo(AG) is defined as the directivity i n d a ( D I ) of the array. Note that when the element spacing d is equal to A/2, the-noise is completely uncorrelated. Hence, the double summation in the denominator of equation (11) becomes equal to N , so that the array gain for the case at hand (isotropic noise field), becomes
Since this is the case for totally uncorrelated noise, the array gain for the case of an isotropic noise field can never exceed N .
N O N -I S O T R O P I C N O I S E
Generally speaking, the output SNR of a line array for a plane wave signal with power P, arriving at angle 8' is
In this case the array gain is given by where 7 is defined in equation (7). We now consider the case of a noise field consisting of an isotropic component and a narrow band plane wave source of interference at f(8,d) . With the help of equation (7), it is easy to show that, for this case, the noise on a single hydrophone is q' + J and the noise output of the full array is P n o i s e = When the array is steered to the target, the signal power out of the array is given by
so that the output SNR is given by When J = 0, this reduces to ( S N R ) , , , = ( S N R ) i , N , as expected. The appearance of the factor N multiplying the interference term is a consequence of it being correlated over the whole array, since it arises from a point source. Suppose we are now given T seconds for processing and we generate an N' element array from our N element array by using some synthetic aperture algorithm. The time available for temporal processing will be correspondingly reduced, since the physical hydrophones are being used to create virtual hydrophones. The degree of this reduction will depend upon the particular algorithm used. There are two algorithms that have been experimentally verified. One is the "overlap-correlator" developed by Stergiopoulos and Sullivan [2] , and the method developed by Yen and Carey [3] . Both of these algorithms use sequential measurements of the physical array which are to form a synthetic aperture. Thus, both methods are in this case, the total gain is reduced 'by about one half. Thus, in contradiction to the conclusion of reference 8, there is actually less total gain.
We now consider two special cases. First, suppose that the value of 0j is such that it falls on a null of b'(0) but not on a null of b(0). Then 
IV. DISCUSSION
The four values of 8, considered in Figure 2 consist of two values that are near nulls of the synthetic aperture pattern function, whereas the other two are not. The smallest value of 8 j considered, 6j = .go, corresponds to an angle roughly half way between the MRA and the first null. For this case it can be seen from Figure 2 that the value of the gain ratio R is less than one. That is, the physical array is outperforming the synthetic array. This situation arises because the interference is inside the main lobe of both the synthetic and the physical array so that the synthetic array provides very little improvement in array gain, whereas there is a loss in temporal gain of a factor of four (p = 4). For the case of 6j = 1.8", the interference is very near the first null of the synthetic aperture while still well within the main lobe of the physical array. Hence, there is a great deal of improvement. In the case of 0, = 2.7", the interference is still within the main lobe of the physical array but near the peak of the first sidelobe of the synthetic array. In this case the synthetic aperture still outperforms the physical array due to the low level of the first sidelobe of the synthetic aperture pattern. The fourth case, 6j = 3.6", is a case where the interference angle is again still within the first null of the physical array but very close to the second null of the synthetic array so that the synthetic array again greatly outperforms the physical array. For values of 6'j approaching 7.2", the behavior begins to become more complicated since the first null of the physical array beam pattern is being approached. Thus there will be a complicated interplay between the nulls of the two beam patterns, producing situations where the physical array will sometimes outperform the synthetic array and sometimes not.
It should be reiterated here that the results depicted in Figure 2 are based on the sequential fourier transform method employed by Yen and Carey. If the overlapcorrelator of Stergiopoulos and Sullivan were used instead, the gains would be reduced by about 3 dB.
It is interesting t o note that for the cases where the synthetic array outperforms the physical array, the improvement increases with r; that is, increasing J/q' improves the situation. This is because the synthetic array is tending to notch out the interference where the physical array is not, so that increasing the value of J/q' will decrease the gain of the physical array very rapidly compared to the synthetic array, thereby increasing the value of R.
Since the synthetic aperture length is arbitrary, synthetic aperture processing provides the flexibility of creating a large class of beam patterns, thereby permitting the placement of pattern nulls in almost any desired position. This flexibility can provide a very useful adjunct to adaptive spatial processing. Of course, there is ultimately a limit to the size of the synthetic aperture that can be created since it is ultimately limited by the number of elements in the physical array and the signal to noise ratio POI.
